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Let G be a compact Lie group and let A(G) be its Burnside ring [S]. We describe 
in this paper the structure of the set of idempotent elements in A(G), extending 
results of firess [7] for finite groups. ‘in vrew of elementary commutative algebra 
(Bourbaki [2, II. 4.3, Proposition 151) this amounts to studying partitions of the 
prime ideal spectrum Spec A(G) into subsets which are open and closed. 
Let 7~ Spec A(G) be the space of connected components of Spec A (G) 
endowed with the quotient topology from the projection 
map w : Spec A(G)+ w Spec A(G). Our main result (Theorem 1) will be that this 
space is canonically homeomovhic to the space of conjugacy classes of perfect 
subgroups of G. This has also been proved in case m Spec A (G) is a finite set by R. 
Schw5nzl. We also show that in general this space has an infinite number of 
elements (Theorem 2). Finally we briefly describe the splitting of equivariant 
homology theories obtainable from idempotent elements in the Burnside ring. 
I. Perfect subgroups 
We use the following notations and conventions throughout the paper: 
Subgroups will always be closed. H < G: e H is subgroup of G ; H 4 G: r-4 H is 
normal subgroup of G; H- EC-“) H is conjugate in G to K; (El):= 
{K < G 1 M - K} is the conjugacy class of H. A compact Lie group is called 
solvable if it is the extension of a torus bv’a finite solvable group. The derived group 
G’ of G is the closure of the subgroup generated by commutators. A group H is 
called perfect if H = H’. 
If 1 -+ A + B -+ C --3 I is an exact sequence of compact Lie groups, then B is 
solvable if and only if A and C are so vable. A compact Lie group G is solvabk if 
and only if its derived series G, G(‘lr := G’, G(*) = G(l)‘, . . . reaches after a finite 
number of steps the trivial group. 
The following Proposition collects some well known elementary facts about 
perfect subgroups. 
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Proposition 1. a) Any subgroup Hof G has a unique minimal normal subgroup H, 
such that Hf Ha is solvable. 
b) For each H there exists an integer n such that H(“) = H,. 
c) HB is a perfect ehnracteristic subgroup of H. 
d) H = Ha if and only if H is perfect. 
e) H-K+ Ha-K,. 
f) KaH, H/K solvable 3 K8 = Ha. 
Proof. a) If KaH, La H and H/K, H/L are solvable, then K n L 4H and 
I H/K f~ L is solvable. Since compact Lie groups satisfy the descending chain 
condition there is a &que minimal group as stated. 
b), c) and d). Since W/H(‘) is abelian, by induction H/H’&’ is solvable, hence 
Htk)~Ha for all k, and Wk)/H, is solvable. If H’“‘# H, then Htk’ has a non-trivial 
abeiian quot’ient, hens-e Hfk)# Htk+? But since H(% Htk+*), by the descending 
chain condition there is an n such that H(“) = H(“+‘), and for this n necessarily 
H(“) = H, and H(“) is perfect. The H(“) are characteristic subgroups. 
e) and f) are obvious. 
Let S be the space of (closed) subgroups of G with the HausdorR metric d [IO]. 
It is a closed subspace of the space of all closed non-empty subsets of G and hence 
compact metric. Conjugation of subgroups (g, H) H gHg_’ defines a continuous 
action G x S + S. Let CS be the quotient space which is still compact. The following 
proposition does not seem to be obvious and is basic for our investigations. 
Proposition 2. There exists an integer n such that for all H < G we have H(“) = H,. 
Proof. Note that H(“) = H, if and only if (H/H,)[“) is the trivial group. Therefore 
we consider pairs H, K such that HQK < G and K/H is solvable; and we show 
that there is an integer n such that for all such pairs (K/H)(“) is the trivial group. 
Let us call the smallest integer k such that Lfk) = I for a solvable group L the length 
l(L) of L. 
Take a pair K, H as above. Since K/H is solvable we have an exact sequence 
1 + T-, K/H + F + 1 where T is a torus and F is finite solvable. We have 
l(K/H) s l(T)+ l(F) = I+ l(F). So we need only show that the length of 
finite solvable subquotients i  bounded. Let generally K0 denote the component of 
1 of K. Then K/H + F induces a surjection p : K/Ko+ F. We show in a moment 
that there exists an integer j5(G) such that for any K < G ther , exists an abefian 
normal subgroup AK of K/K,, such that 1 K/K0 : AK f < b(G). Let F0 be p AK. Then 
FIFO has order less than b(G). But l(F) 6 l(FO) + l(F/Fo) = 1-t Z(3); because F0 is 
abelian. But l(F/Fo) is bounded because only a finite number of groups occur. 
The existence of the integer b(G) is proved by induction over dim G and 
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1 G : GoI. Given G, the bound exists for the finite subgroup of G by a classical 
theorem of Jordan [l, 151. 
Let K be a subgroup of positive dimension. Consider 
where NoK denotes the normalizer of K in G. Then K/K0 is a finite subgroup of 
No K,IK, = : U and dim U < dim G. if we can show that the NG K0 which occur 
have bounded number of components hen we can apply our induction hypothesis. 
But No KO is the normalizer of a connected subgroup. By [14, Ch. VII,, Lemma 3.21, 
there are only a finite number of conjugacy classes of such normalizers, hence only 
a finite number of 1 U : U. I, say bounded by an integer m (G). But 1 U : U0 I < 
I G : Go I m (Go), and since there are only a finite number of connected Lie groups of 
a given dimension there exists a bound for I U : U. I only depending on I G : Go I and 
dim G. 
Proposition 3. Tihe maps H nH(‘) and H I+ HB are continuous maps S -+ S. The 
space P of perfect subgroups of S is closed. 
Proof. In view of Proposition l(b) and 2 it only remains to prove the continuity of 
H H H(l) . Let HI, H 2,. . . be a sequence of subgroups converging to H. Then by a 
theorem of Montgomery and Zippin [ll] we can assume without loss of generality 
that the Hi are conjugate to subgroups of H; moreover we can find a sequence 
gi E G converging to I such that Ki: = gi Hi g i’ c H. Since (gKg -‘)“’ = gK”‘g-*, 
lim Ki’) exists if and only if lim Hi’) exists. We show that lim K!‘) exists and is equal 
to H(? Fix 8 > 0 and choose n such that in the HausdorfI metric d(Ki, H) < E for 
i 2 n. Let ekK be the closed subspace of a group K consisting of elements which 
are product of at most k comr utators. Then d(Ki, H) C E implies d (ck& 
c ‘H) < 4k Choose k such that d(c ‘H, H”‘) < E. Then for i 2 n, d(c kKi, H”‘) < 
(4k + 1)s and a fortiori d(K!“, H(*j) < (4k + 1)~. 
Corolilary. Giuera a perfect subgroup H of G. Then {K 1 KB = H) and {K 1 K, - H} 
are closed subsets of S. 
For H = { 1) this has been used by Oliver [ 12 J. 
2. The space of components 
We need a method to describe the topology of Spec A(G). Recall [5] that to each 
subgroup H of G there is associated a ring homomorphism vPH : A (G)-, 2 and 
that each prime ideal of A (G) has the orm 4 (H, p) : = Q z(p) for a prime ideal (,9) 
of 2. Let 4 : S X Spec A (G) be the map ((H), p) I+ q(H, p). 
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Proposith 4. The mupq : S x Spec Z + Spec A(G) is u closed quotient map. 
Proof. Let C(S, 2) be the ring of locally constant functions S --) 2. Ciiven 
x E A(G) the map at(x) : H I+ pH (x) is local& constant. The map 
QI : A(G)+ C(S,Z): x H cu(x) is an integral embedding because C(S, Z) is 
genera& by idempotent elements and hence is integral over any subring. 
Therefore [2, Chap. V, Section 2.11, (Y induces a closed mapping 
Spec a! : Spec C(S, Z)-, Spec A (G). But there is a canonical homeomorphism 
Spec C(S$ Z) = S x Spec Z which transforms Spec ar into q. 
Let t be the composition 
SXSpecZdS-P-cP 
Pr a C 
where pr is the projection a the map aN: = HB, and c the map cH: = (H) into the 
space CP of conjugacy classes of perfect subgroups. Then I is continuous, by 
Proposition 3. 
Froposition 5. The m 7~ r factors over q : S x Spec X + Spec A (G) inducing a 
continuous surjective map s : Spec A (C)-f cP. 
Proof. Suppose q(H, pl) = q(K, p2). Since p is the residue characteristic of q(H, p) 
we must have pl = p2. Put p = pl. By [S, Theorem 41, there exists a unique 
conjugacy class (H*) such that q(H,pj= q(H*,p) and No H*/H* is finite with 
order prime to p. If we show that H, - (H*)8 then I factors as stated. By [S], we can 
find a countable transfinite sequence HaHlaH2a.. . HA - H* such that Hi+JHi is 
solvable and Hi is the limit of the preceding subgroups if i is a limit ordinal. It 
follows from Proposition 3 and Proposition l(f) that H, = (H,),. That s is 
continuous i  a consequence of Proposition 4. By construction s is surjective. 
The space CP being a countable compact metric space is totally disconnected. 
Hence we get a unique con:inuous map e which makes the following diagram 
commutative 
Spec A (G) 
/ \ 
’ vlA(G) cP- . 
The map e is a homeomorphism. 
. w Spec A (6) is a quotient of a quasi compact space hence quasi compact 
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itself. CP is a HausdorfI space. We need only show that e is bijective. We know 
already that e is surjective. 
Given two components B and C of Spec A(G). Choose elements q(H, p) E B, 
q(K, I) E C. Assume that e(B) = e(C); hence 
We) = sq (N,p) = sq (K 2) = (K,). 
Since H/H, is solvable we can find a finite chain of subgroups 
such that fi /E&+1 is a torus or finite cyclic of prime order. By [5] q(H,,pi) = 
q(Hi+l, pi) for a suitable prime. Hence q(H, p) E q(Hl, 0), q’(Hi, 0) f~ q(Hi+lq 0) f 0, 
and therefore q(H,, 0) E B (here q^(H, p) denotes the closure of the point q(H, p)). 
Similarly q (K,, 0) E C and therefore B = C. 
Idempotent elements 
Let U be an open and cIosed subset of Spec A (G). Then U is a union of 
components and projects into an open and closed subset of CP called s(U). Let 
e(U) be the idempotent element of A(G) which corresponds to U [2, II. 4.3, 
Proposition 151). Recall the homomorphisms qH : -4 (G)-+ 2 [S]. Let S(U) = 
{H<Glcp~e(U)=l). 
Proposition 6. H E S(U) e (Ha) E S(U). 
Proof. Since e(U) is idempotent ++,(e( 4 I)) is 0 or 1. We have to recall how to pass 
from U to e(U). Let 2 be the complement of U in Spec A (G). Then 
Z= V(A(G)e(U))={qESpecA(G)Iq>A(G)e(U)}. 
Moreover e(Z) = 1 - e(U). Suppose rp,.,e(U) = 1, then pH(e(Z)) = 0, so 
Q&(G)e(Z)=(O),which meansq(H,O)Z) A(G)e(Z),q(H,O)E V(A(G)e(Z))= 
U and therefore (HB)E s(U). 
Conversely, if (HJE s(U) then q(H,O)E U, cpHA(G)e(Z)= (0), ++,e(U)= 1. 
The idempotent is indecomposable if and only if U is a component. If the 
perfect subgroup H of G is not a limit of perfect subgroups then 
{q(lk;, P) I WJ = (WI: = wf) is a component and H yields an indecomposable 
idempotent eH: = e(U(H)). 
In general it is difficult to express the element eH E A(G) in terms of the basis of 
homogeneous paces. If eH = c nK G/K ;n A (G) and K is maximal with nK # 0 
then (P&H) = nK 1 &K : K 1 = 1 and hence & = 1 and NGK’ = K. Moreover 
= ) contains only a finite number of maximal conjugacy classes 
(i) with NK = K. Proposition 6 tells us that all these K have to appear with 
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nK = 1. In general U(H) can contain an infinite number of conjugacy classes (L) 
with F; = NL as is shown by an example of Gordon [S]. If G is semisimple and 
connected then G is perfect and not a limit of subgroups. The indecomposable 
idempotent e. = 1 - e = 1 - 2 uaK G/K contains at least all the maximal proper 
subgroups K of G. 
Exatiple. Let G be SO(3). We have the following subgroups: Dk dihedral group 
of order 2k, T tetrahedral, 0 octahedral, I icosahedral, SO(2), N: = No SO(2). 
The perfect subgroups of G are: G, 1, (1). Therefore we have three indecomposable 




That these are actual1.f idempotent elements can be computed by applying the 
homomorphisms QK (Yor further details see [13]). 
The results of Oliver [12, especially Theorem 41, may be given the interpretation, 
that certain idempotents in A(G) are realized by actions on disks;. namely those 
e(U) such that S(U) is closed with respect o r;ubgroups. All other idempotents 
then are differences of two idempotents represented by actions on disks. 
4. Construction of perfect subgroups 
We want to show that the topological considerations of the previous ection are 
necessary in that usually an infinite number of conjugacy classes of perfect 
subgroups exists. Let 1 --) T --) G v F + 2 be an exact sequence where T is a torus 
and F a finite group. Conjugation in G in&ices a homomorphism Q : F-, Aut(T) 
into the automorphism group of T which we also interprete as action of F on T. Let 
FU be the kernel of Q. 
Theorem 2. Let G be a finite extension of a torus as above. Then the number of 
conjugacy classes of perfect subgroups of G is finite if and only if F/F, is solvable. If 
F/F, is solvable then the set of perfect subgroups is finite. 
Proof. We use the fact that a quotient of a perfect group is perfect. Let E’IF, be 
solvable. Let H < G be perfect. Then the image of H under G + F+ F/F, is 
perfect, hence trivial because F/F, is solvable. Therefore H is an extension 
1 --i, ii n T + H + P + 1 with P < F, perfect and trivial action of P on H T” T and 
T. Let K be the pre-image of P under g : G -+ 7 Then H 4 K since T is contained 
in the center of K. The group K/H = T/(H f7 T) is solvable. Hence N = Ka. 
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Therefore a perfect group comes via the map K I+ K, from a finite set of subgroups, 
Now Iet us assume that F/F, is not solvable. Let P < F/F, be a non-trivial 
perfect subgroup. Let H be the pre-image of P under G + F/F, and let Q < F be 
its group of components. Let TO be the component of 1 in the fixed point set of the 
Q action on T. Since 0 > FU, Q # Fu, we have TO # T. The group To is contained in 
the center of W and Iz+ H/To induces an injective ring homomorphism 
A(H/To)+ A(H). If A(H/To) has an infinite number of idempotents then also 
A(H) has an infinite number of idempotents, hence an infinite number of 
conjugacy classes of perfect subgroups. The laction of Q on H/TO has zero- 
dimensional fixed point set. Hence we have reduced the problem to the case 
To = (1). But then a subgroup L of H which projects onto P under N -+ Q + P has 
finite index in its normalizer. Let L be such a group and consider its derived group. 
Then I,(‘) also projects onto P because P is perfect. Therefore 1 NG L”) : L(‘)) is 
finite and L/L”)< F-L”‘/L? But we have shown i;l[6] that there exists a number 
b such that for an> L < H with finite index in its normalizer 1 NGL : L 1 < b. 
Together with Proposition 2 we see that there is an integer IZ such that L/f., is finite 
of order less than b”. Hence if there exists an infinire set of finite subgroups of H 
which projects onto P and which contains groups of arbitrary large order then the 
set of conjugacy classes of perfect subgroups is iniinite. An infinite s louence of 
subgroups of the required sort is easily constructed: Let x E H*(Q, ) be the 
cohomology class describing the given extension 
r+T+G-,Q+l. 
Then a subgroup of the form l+ A + H + (3 + 1 of G exists if and only if A C T 
is invariant under the Q action and x is conta.ined in the kernei of 
H’(Q, T)+ H*(Q, T/A). So we only have to find one such invariant A, then any 
larger one will also do. 
In general if a compact Lie group contains a group of the type considered in 
Theorem 2 then it will have an infinite number of idempotents in its Burnside ring. 
This is for instance the case for most of the classical simple Lie groups, namely if the 
rank is greater than 4. 
5. Locabation 
Let U CSpec A (G) be open and closed. Let e(U) be the corresponding 
idempotent element (Section 3). If N is an A (G)-module, then we have a splitting 
M =e(U)M$(l-e(U))M. M oreover eM is canonically isomorphic to the 
localization M[e-‘1. Let II: (- ) be an equivariant homology theory which has 
suspension isomorphisms h z(X) = h z (X x (V, V - 0)) for (complex) G-modules 
V. Using the fact that A(G) is isomorphic to the ring OF of stable equivariant 
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homotopy of spheres in dimension zero (see [9], [3, II]), we get an action of A (G) 
on h t(X), natural in X. We want to compute ( U)h z(X). 
Consider the family of subgroups F(U) which contains all H such that e(U) 
maps to zero under the restriction A(G)+ A(H). For a G-space X let XFtu) = 
{x E X 1 Gx E F(U)}, where G, denotes the isotopy group at x. Moreover let us put 
X c(V) = X - XF(ul. With the notation of Section 3 we have 
. 
HEF(U)e{KIK<H}nS(U)=fl. 
Proposition 7. The idusbn xctU) + X induces an isomorphism 
e(U)hz(X’(“))= e(U)hz(X). 
Proof. This follows from general localization theorems (Hsiang [ll, Theorem III. 
11; or [3, I. Satz 61) provicsed we assume the necessary continuity properties for the 
homology theory or local conditions on the inclusion Xa(u)-+ X 
C~ollary. If G is perfect and not limit of su&groups then there exists an idempotent 
e(G)E A(G) such that e(G)hz(X)= e(G)hz(XG). 
Remark. Similar considerations 
equivariant stable cohomotopy. 
are possible for equivariant cohomology, e.g. 
.Ne now derive a more geometric description of what e( U)hz(X) looks like. 
Recall the universal spaces EF for families F of subgroups [3]. 
Proposition 8. Let Fl > F2 be two families of subgroups such that Fl - F2 CS(U). 
Then multiplication by e(U) is an iso.,,otphism on h z((EFl,! EFZ) X X), i-e. 
e(U) h z((EFI, EFJ x X) = h z((EF,, EF2) x X). 
Proof. By induction using exact homology sequences and the five lemma it is 
enough to consider adjacent families. i.e. F1 and F2 differ by just one conjrlgacy 
class (H). Then by [3, I. Satz 41, we have 
h:((EFl,EF&:X)= h:(G xNE(N/H)x(CF~,EF#X) 
where N = N&H and CF, is the cone on EF,. Using the canonical skeleton 
filtration of E(N/H) as in [4] we see that we have to show the following: 
hrlultiplication ‘_y e(U) is an isomorphism on groups h z(G/H >< (CFZ, EFZ) X Y) 
But this action comes from in action of the restriction of e(U) to A (H)/I, where I
is the ideal generated by H/K, K proper subgroups of H. So this action is 
multiplication by one. 
Let F1( U) be the family of all subgroups contained in groups of S(U). Let Fz( U) 
be F*(U)- S(U). 
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Proposition 9. e( U)h y(X) is naturally isomorphic toh v((EF,( U), EF,( U)) x X). 
Proof. By Proposition 7 we have a natural isomorphism 
From Proposition 8 we conclude that e(U) acts as zero on AI: = 
hz((EF’, EF”) x X), if EF’ - EF” d oes not contain groups of S(U) because we can 
find an idempotent e which is orthogonal to e(U) and acts as an isomorphism on M. 
From the sxact homology sequence we conclude that 
is a natural isomorphism. By Proposition 8 the group on the left is naturally 
isomorphic to h z((EFl( U), EF2( U)) x X). 
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